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Abstract: The gravitational field and the source-free electromagnetic field can be unified 
preliminarily by the equations *iklm
i
klm TR
 
in the Riemannian geometry, both are contractions 
of im and ik, respectively. If *iklm
i
klm TR =constant, so it will be equivalent to the Yang s 
gravitational equations 0;; mkllkm RR , which include 0lmR . From 0lmR we can obtain 
the Lorentz equations of motion, the first system and second source-free system of Maxwell field 
equations. This unification can be included in the gauge theory, and the unified gauge group is 
SL(2,C) U(1)=GL(2,C), which is just the same as the gauge group of the Riemannian manifold. 
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In order to unify the gravitational and electromagnetic fields, Einstein, et al., applied various 
geometrical structures and theoretical schemes, for example, the gauge invariance geometry, the 
five-dimensional space-time, the projective theory [1], the affine field and the bivector fields, etc. 
The non-symmetric field is the logically simplest relativistic field theory which is at all possible
[2,3]. Hlavaty made the summary and development [4]. Johnson expounded systematically his 
viewpoints [5]. Gaffney [6] and Moffat, Boal [7] obtained some conclusions and solutions. The 
unified field theories of more than four-dimensions were summarized [8]. Madore [9] proposed a 
modification of the traditional formulation of Kaluza-Klein theory in which the internal structure 
is described by a noncommutative geometry based on a semisimple algebra. The classical theory 
of Yang-Mills fields and of Dirac fermions is developed in the resulting geometry. The generalized 
connection is written down which should describe the unification of the Yang-Mills fields with 
gravity. Moreover, the unification is connected with the string model [10,11] and the grand 
unification theory [11], and the supersymmetry [12] and supergravity, etc. 
But, because the unified field theory is a very complex and difficult question, further 
approach should be made still. Recently, the unification of quantum field theory and general 
relativity as a fundamental goal of modern physics is discussed. Solanki, et al., studied new 
couplings between electromagnetism and gravity [13]. In grand unified theories with large 
numbers of fields, renormalization effects modify the scale at which quantum gravity becomes 
strong. Calmet, et al. shown that these effects from gravity can be larger than the two-loop 
corrections considered in renormalization group analyses of unification [14]. 
We introduced a principle of equivalence for the electromagnetic field: A non-inertial system 
with an acceleration is equivalent to a certain electromagnetic field, in which the ratio of charge to 
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mass is the same [15]. From this principle an electromagnetic general relativity theory (GRT) can 
be derived, whose formulations are completely analogous to Einstein s GRT. In the 
electromagnetic case, the field is regarded as a type of curved space-time for charged bodies, 
where space-time is separated into many layers, the curvatures of which are different for different 
ratios of charge to mass. In a general case, electrodynamics can be obtained from this theory. Shch 
the gravitational and electromagnetic fields can be unified. But its high-order approximation will 
deviate from the present electromagnetic theory. Therefore, we discussed the four possible tests 
for this theory and some notable problems. Finally, the most universal principle of extended 
equivalence and the extended GRT are proposed [16]. 
Einstein, et al., always believed that the unified field should have no sources [2,1]. We think 
that the gravitational field and the source-free electromagnetic field can be unified preliminarily 
only the Riemannian geometry [17]. 
In the Riemannian geometry there are the equations [18]:  
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In this case ikl
 
are the Christoffel symbols 
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i
. Lanczos pointed out also that the unification 
should turn to iklmR , but he applied iklH [19]. 
By the contraction of im, the Einstein gravitational field equations: 
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are derived. The corresponding geodesic equation of motion is         
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By the contraction of ik, Eqs.(2) become 
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In the Riemannian geometry ik is antisymmetrical, so 
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It is analogous to the Lorentz equation of motion:        
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Assume that the corresponding relation 
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hold, then the left of Eq.(7) becomes the electromagnetic tensor lm
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are divided into two parts: kkl
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Based on Eq.(4), )(/ mknnkm vvdsdv . We take this part of k=n, then the first term of Eq.(10) 
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Therefore, 0lmR includes the Lorentz equation 
m
lml jFmw . In the Riemannian geometry 
0knl shows the curved space-time, in which a part corresponds to the Lorentz electromagnetic 
force. 
Eq.(6) is differentiated, and we introduce an additional condition 
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This is namely the second system of Maxwell equations with 0lj . 
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may be obtained directly, and they are analogous completely to the Bianchi identities. 
In the gauge theory [20] the gauge field strength is: 
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where klb is a gauge field potential. They have included the electromagnetic field of G=U(1) and 
the Yang-Mills field of G=SU(2). Yang supposed 
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so the Riemannian geometry is obtained. Of course, the gravitational field equations (3) and the 
electromagnetic field equations (6) can be obtained, since both are particular cases of the 
Riemannian geometry. The gauge field potentials kkl
k
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corresponds to the electromagnetic 
potentials lA , the structure constant is        
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correspond to the electromagnetic field strength lmF . When 0
k
ijc , and the group is U(1), etc., 
the electromagnetic force is zero, 0lmlm FR . 
We know that the gravitational field equations possess two distinct invariances: GL(4,R) 
invariance of Einstein under coordinate transformations, and SL(2,C) gauge invariance of Weyl 
[21]. Carneli [22] thought that the group SL(2,C) replaced the group SU(2) of the Yang-Mills field 
equations, and the gravitational field equations in free space can be derived. The gauge group G of 
electromagnetic field is U(1). Therefore the unified field should possess the gauge group 
SL(2,C) U(1)=GL(2,C) [23]. Yang derived that parallel displacement defines a gauge field with 
G being GL(n) in the Riemannian manifold [20]. Such the unification of the gravitational and 
electromagnetic fields may be derived preliminarily in the general Riemannian geometry. Solanki, 
et al., considered a metric-affine gauge theory of gravity in which torsion couples nonminimally to 
the electromagnetic field [13]. 
In the Riemannian geometry, by the contraction the Bianchi identities become 
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So for pure space the Yang s gravitational equations 
0;; mkllkm RR .                                            (20) 
are equivalent to the free equations 
0;
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i.e., the Riemannian curvature iklmR =constant. For general case Eqs.(21) should be extended to 
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Eqs.(1). By the contraction of im or ik, Eqs.(21) turn to 
0;iklR , 0*;iklT ,                                         (22) 
0;ilmR , and 0lmR .                                      (6) 
For a particular case Eqs.(22) are 
0klR .                                                   (23) 
This is namely the Einstein gravitational field equations in free space. Therefore Eqs.(20) include 
Eqs.(22), (23), (6) and 0;mlmF . Of course, the static spherical symmetric metric derived from 
Eqs.(20) include the Schwarzschild solution derived from Eqs.(23). 
In fact, for various geometries in which Eqs.(2) hold, such as the non-symmetrical field [2-5] 
and Brans-Dicke theory, etc. [24,25], no matter what the concrete contents of various connection 
coefficients ikl
 
are, we can always obtain the Lorentz equations of motion, the first system and 
second source-free system of Maxwell field equations, if only we suppose that Eqs.(9), (11), (12) 
hold, and use similar contraction of im, and let 0lmR . Of course, the Riemannian geometry is 
the simplest case in all. We think that the unification of the gravitational and electromagnetic 
fields by the geometric methods should be researched continuously.  
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